Abstract. A ring with a test module of finite upper complete intersection dimension is complete intersection.
Introduction
Let (A, m, k) be a noetherian local ring. We say that an A-module of finite type M is a test module if for any local homomorphism of noetherian local rings A → B, any B-module of finite type N such that T or A i (M, N ) = 0 for all i ≫ 0 has finite flat dimension over A. A well known example of a test module is the residue field k.
When A is regular, then any A-module of finite type is a test module. Over a hypersurface, Huneke and Wiegand [7, Theorem 1.9] prove that test modules are precisely the ones of infinite projective dimension (alternative proofs of this fact were obtained also by Miller [9, Theorem 1.1] and Takahashi [11, Corollary 7.2] ). More generally, if A is a complete intersection, Celikbas, Dao and Takahashi [5, Proposition 2.7] prove that test modules are those of maximal complexity. To be precise, all these characterizations were obtained with a slightly different definition of test modules, but we will show in Proposition 4 that they also hold in our case.
Some characterizations of these properties of rings in terms of test modules also exist. First, the Auslander-Buchsbaum-Serre theorem can be stated in terms of test modules as follows:
Theorem R. If (and only if) there exists a test module of finite projective dimension then A is regular.
A similar criterion for Gorensteinness was obtained in [5, Corollary 3.4] in terms of the Gorenstein dimension of Auslander and Bridger [1] (related criteria also appear in [12] ): Theorem G. Assume that A has a dualizing complex. If (and only if) there exists a test module of finite Gorenstein dimension, then A is Gorenstein.
The same authors ask for a similar criterion for complete intersection rings [5, Question 3.5] in terms of the complete intersection dimension of [4] : Question CI. If (and only if) there exists a test module of finite complete intersection dimension, must A be a complete intersection?
Avramov [2] introduces the virtual projective dimension as follows (with a slight modification when the residue field of A is finite). Let A →Â be the completion homomorphism (for the topology of the maximal ideal). An A-module of finite type M is said of finite virtual projective dimension if there exists a deformation Q →Â (that is, a surjective homomorphism of noetherian local rings with kernel generated by a regular sequence) such that the projective dimension pd Q (Â ⊗ A M ) is finite. A noetherian local ring A is complete intersection if and only if its residue field is of finite virtual projective dimension if and only if any module of finite type is of finite virtual projective dimension.
Subsequently a modification of this concept, the complete intersection dimension, was introduced in [4] . The definition is similar, but instead of the completion homomorphism A →Â, any flat local homomorphism of noetherian local rings A → A ′ is allowed. Complete intersection dimension shares many of the good properties with virtual projective dimension. In particular, a noetherian local ring A is complete intersection if and only if its residue field has finite complete intersection dimension if and only if any module of finite type has finite complete intersection dimension. Moreover it behaves well with respect to localization. An intermediate definition, the upper complete intersection dimension, was given in [10] . It allows only flat local homomorphism of noetherian local rings (A, m,
The difficulty of the above Question CI, is that the property of being a test module does not ascend by local flat extensions.
is a flat local homomorphism of noetherian local rings with A regular and A ′ singular, and M is a test module for A, then A ′ ⊗ A M is never a test module for A ′ , since T or
However, we circumvent this difficulty by switching to upper complete intersection dimension, giving in this context an affirmative answer to Question CI (Theorem 7). There are no surprises in the proof. On the contrary, the crucial step is in the definition of test module. Since the involved functor is T or, we modify a little the definition of test module used in [5] allowing modules to test not only for projectivity (of finite type modules) but also for flatness (of modules which are finite over a local homomorphism). Nevertheless, in Proposition 4 we prove that our definition is equivalent to the one used in [5] at least over complete intersection rings.
In the last section, we see how this modification in the definition of test module, allows us also to remove easily the supplementary hypothesis that the ring has a dualizing complex in Theorem G.
Complete intersection
is weakly regular if it is flat and the closed fiber A ′ ⊗ A k is a regular local ring. Let f : A → B be a local homomorphism of noetherian local rings. A Cohen factorization of f is a factorization A → A ′ → B such that A → A ′ is weakly regular and A ′ → B is surjective. If B is complete, a Cohen factorization of f always exists [3] . A surjective homomorphism of noetherian local rings with kernel generated by a regular sequence is called a deformation. Note that our definition of test module is, a priori, more restrictive than the one used in [5] : in that paper, an A-module of finite type M is called a Test module if for any A-module of finite type N , T or A i (M, N ) = 0 for all i ≫ 0 implies that fd A (N ) < ∞. Over a complete intersection ring, we will see that Test modules and test modules are the same thing.
The complexity of an A-module of finite type M , cx A (M ), is defined as the least integer c ≥ 0 such that there exists some real number α verifying dim k (T or 
, so as we have seen above, R ⊗ A M is a Test module for R, and then T or
Proof. Let A ′ → B be a local homomorphism of noetherian local rings and N a finite B-module such that T or 
The ring A ′ ⊗ A k is regular and so T or Proof. Consider a weakly regular homomorphism A → A ′ and a deformation Q →
for all i > n, and then pd Q (N ) ≤ n for any Q-module N of finite type. Therefore Q is a regular local ring. Then A ′ is a complete intersection and by flat descent so is A. By Lemma 5,M is a testÂ-module. So from [5, Corollary 3.4] we deduce that A is Gorenstein, and then so is A.
Gorenstein

